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INTRODUCTION A typed calculus of PRA Typing translation Untyping translation Conclusion
: :

PRIMITIVE RECURSIVE ARITHMEWHAT ?

» Quantifier-free formalization of natural numbers
» Finitist reasonning (Tait, 1981)

» Good metatheory for relative consistency proofs
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PRIMITIVE RECURSIVE ARITHMETIC

» Talks about natural numbers

» Logic-free version with judgements of the form
Uy =00,...,Uy = Uylpra U =170

where u;, v; are arithmetical expressions with free
variables.
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FORMAL DEFINITION
Functions:
f07g0 — O(i 1 1 1 1 0 52
1 51
fog w= o |Sm| comp flgy... gy | rec fig"
fri2,gm2 u= mpt?| comp fM g gL | rec frilght
Terms:
u,v; = x|f"(v1,...,04)
Context:
r

el lbu=vo
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:
RULES: BASIC AXIOMS

Untyping translation

Conclusion

Fl_PRA t=t

[ Fppa E4(E) = 0O

1<m<mn u=vel
FI_PRA K/gi(tl, "7t1’l):tm Fl_PRA u=mo
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INTRODUCTION A typed calculus of PRA Typing translation Untyping translation Conclusion
: :

RULES: COMPOSITION AND RECURSION SCHEME

I'pra (comp f™ gF ... gim) (b1, -5 tn)
="ty tn)s e, 8By )

[ hpra (rec fPg2)(00 b, ... ty) = f(t, - - - tn)

(rec f" g"“‘z)(al(m), Hyoooyty) =

[ eea ¢ 2(m, (rec f" ¢ ) (m,ty, ... tn)st1y .oy tn)
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RULES: EQUALITY

Untyping translation

Conclusion

Fl_PRA u=mo

Fl_PRA u=nuo
Fl_PRA o=1u

Fl_PRA U=w
Fl_PRAu:w

1—‘l_PRA Uy = Oy
Dhpra ff(U1, ... un) = f" (01, Uy)
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RULES: INDUCTION SCHEME

Untyping translation

Conclusion

I‘l_PRA fn+l(007u17 un) :gnJrl(OO’ul)
L, (x, ul,...,un)
f”“( 1( ), U1,

gn+1(x up,
)_ n+1
I Fpra ]mJr (t ug,

oy Uy)
'7“71) Fpra
H(x), u,

S Up)

n+1(t7 U,

(o
coUp) =

x fresh

Sy Uy)
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CODING WITHIN PRA

Conclusion

» Tuples

» A large collection of basic structures can be coded
» Booleans
>

» Easier to manipulate as primitive objects
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CODING WITHIN PRA

» We need a formalism which distinguishes object’s kinds

» Anditis, guess what ? ...

Type theory
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INTRODUCTION A typed calculus of PRA Typing translation Untyping translation Conclusion
: :

CALCULUS OF INDUCTIVE CONSTRUCTIONS

» Distinguishes between object’s kinds

» Enables to define naturally simple and complex structures
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A typed calculus of PRA

Typing translation

Conclusion

Untyping translation
RESTRICTING CIC (PARCE QUE LE MONDE BOUGE)

Idea: restricting to objects of type

Ay —> A1 — - = Ay
where A; has no arrow.
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FORMAL DEFINITION
Types:
A B

=Xu|0|1|A+B]|(Zxa.B)

| u=40| (uXA477vP x4 B) u
C ==A|ILa.C
Terms:

U, v, w

‘=X| eQpen Au| match u return A end

| ()| match u as x return A with () = Nend
| inl u| inr u| match u as x return A with

inl y = v;inr z = wend
| (4,v) | match u as y in z return P

with (i,w)y.aT = vend | (£ixg fx1 Lo Xy
g ==ul\xg
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FORMAL DEFINITION

Untyping translation

Conclusion

Context:
T

n=e|D)x:A|T,X: Type
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A typed calculus of PRA

Typing translation
TYPING RULES: SUM TYPE

Untyping translation

Conclusion

Sum.C I'FA:Type

I'B: Type

I'A+B:Type

SumLL. I'FA+B: Type

't A
I'inl t: A+ B

Sum.R I'FA+B:Type

I'u:B
I'Finru:A+B
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A typed calculus of PRA

Typing translation Untyping translation
TYPING RULES: SUM TYPE

Conclusion

'~u:A+B I'y:AFov:Plx\inl y]
I''x:A+BFP:Type
Sum-E

I'z:AFw:Plx\inr z]
match # as x return P with
' inly=wv

inr z = wend

: Plx\u]
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A typed calculus of PRA Typing translation
TYPING RULES: UNIT TYPE

Untyping translation

Conclusion

Unit-T

Unit-O
I'H1:Type i

r=(:1

T'tu:1
Unit-E

I''x:1FP: Type

I'Fov:Plx\()]
I'Fmatch u as x return P with () = vend: P[x\y]
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: :

TYPING RULES: EMPTY TYPE & INDUCTIVE TYPE

Empty-T

I'H0: Type
— 'Fu:0 T'HFA:Type
m -
P ' match u return A end: A
I'ru:A TI',X:A— Type,x:AFF:Type
Ind-T

I+ (uXA=7TvPe xA F)u : Type



INTRODUCTION

A typed calculus of PRA

Typing translation
TYPING RULES: EQUALITY

Untyping translation

Conclusion

Eq-R T'Fu:A

'k eqeg Au:u=u

F'Fu:A I'z:AFP: Type
I'kFov:A
Eq-E

F'Fw:Pz\u] Thkp:u=v
I'-match p in
edrefy = Wwend : P[z\v]

=z return P with
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:

TYPING RULES: PROPER INDICES

) I'tA:Type TI,x:AFT:Type
Pair-T
I'F (24T) : Type

PainC PEYXaT:Type Thu:A Tho:Tx\y
ailr-
I'E (u,0)ear : ZpaT

I'EYeaT  Ty:3eaThHP:Type
Lyi:Aw:Tx\il - v : Ply\(i,w)x.a71]

match # as ¥y return P with
. 4 : Ply\u]
(i, w)yxar =0

Pair-E
'+
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A typed calculus of PRA Typing translation Untyping translation
TYPING TRANSLATION

Conclusion

» There exists a natural embedding of natural integers into

Nat = uX.1+ X

» PRA rules are simulated by typing rules
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A typed calculus of PRA Typing translation

TYPING TRANSLATION : FUNCTIONS

Untyping translation

Conclusion

( = 1inl ()
(1) = inrt
[€"](t) = inl ()
[[K:ll1 (t17 e 7tn) = In

where t is a term of TT-PRA.
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:

TYPING TRANSLATION : FUNCTIONS

[comp f™gf...gml(t1,- .- ty) =
[FICISTN(E, - s tn) - [gm] (Brs - - E0))

[rec f* ¢ 2)(u,t1,. .. tn) =
(fixg hxyy...yn =
match x as _ return Nat with
inl = [[fn]](yl, .. 7yn)

inr z= [§72(z, (hzy1 - Yn)s Y1y Yu)) Ut ...ty
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A typed calculus of PRA Typing translation Untyping translation
TYPING TRANSLATION :

TERMS

Conclusion

[x]
If" (v1,...,04)]

[F1[ead - [oa])
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A typed calculus of PRA Typing translation

SOUNDNESS AND COMPLETENESS

Untyping translation

Conclusion

Theorem

Uy = 01,

yUp = Uybpra U =0
is a valid PRA judgement iff for some proof term p,

x1: [ur] =nat [01], - - 20 2 [un] =nat [on] Frr p 2 U] =nae [0]
is a valid judgement.
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INTRODUCTION A typed calculus of PRA Typing translation Untyping translation Conclusion
: :

UNTYPING TRANSLATION

» Inhabitants of types in TT-PRA can be mapped to natural
integers

» A type is transformed into its characteristic function

» Ajudgement - p : A becomes s [A] [p] =0
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:
SOUNDNESS
Theorem

If
X1:A1. Xyt Apbr pt A
is a valid TT-PRA judgement, then

[A1] x1 =0,...,[Au] x4y =0Fpa [A] [p] =0
is a valid PRA judgement.
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Conclusion

Typing translation Untyping translation
UNTYPING TRANSLATION : TERMS
[match u return A end] = <0>
[0] = <1>
[match u as x return P

with () = vend]

=[]
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A typed calculus of PRA

Typing translation

UNTYPING TRANSLATION : TERMS

Untyping translation

Conclusion

[inl u] =< 2,[u] > [inr 9] =< 3,[v] >

[match u as x return P with

inl y = v;inr y = Pend] =
(Az.(1 = ((m 2) == 2) - [0][y\(m2 2)]
+(1 = ((m 2) ==3) - [P][y\(m2 2)]) [1]
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Typing translation

UNTYPING TRANSLATION : TERMS

Untyping translation

Conclusion

[[(uv U)]] =<4, [[I/l]], [[U]] >

[match u as z in y return P
with (i,w)par = vend] =

(Az.[0][i\(m2 2)][w\ (75 2)]) [u]

[[ €refl A]] =<5>

[match u as x in z return P

= [l

with edqen = vend]

[x] = x
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UNTYPING TRANSLATION : TYPES

[Xu] = x[u]
[0] = Xx1
] = Xx.(mx)==1
[A+B] = Ax.(((mx) ==2)+ ([A] (m2%)))
(((m x) == 3) + ([B] (m2%)))
[BraB)ul = Ay.((my) ==4) + ([Al(m2 )
+H([BlX\(m2 y)] (73 1))

[ = 1] Ax.((m x) == 5) + ([u] == [])

[(uXA=92 By u] = (£ixa x [B]) [u]
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A typed calculus of PRA
CONCLUSION

Typing translation

Untyping translation

Conclusion

» There exists a “natural” restriction of CIC capturing PRA
» Collection of primitive types
» Proof relevance

» Implementation in Coq ?

coq —-pra MyPraProof.v
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Thank you for listening !
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