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PRIMITIVE RECURSIVE ARITHMEWHAT ?

I Quantifier-free formalization of natural numbers

I Finitist reasonning (Tait, 1981)

I Good metatheory for relative consistency proofs
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PRIMITIVE RECURSIVE ARITHMETIC

I Talks about natural numbers

I Logic-free version with judgements of the form

u0 = v0, . . . ,un = vn `PRA u = v

where ui, vi are arithmetical expressions with free
variables.
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FORMAL DEFINITION

Functions:
f 0, g0 ::= 00

f 1, g1 ::= σ1 | ξ1 | κ1
1 | comp f m g1

1 . . . g
1
m | rec f 0 g2

f n+2, gn+2 ::= κn+2
m | comp f m gn+2

1 . . . gn+2
m | rec f n+1 gn+3

Terms:
u, vi ::= x | f n (v1, . . . , vn)

Context:
Γ ::= ε | Γ,u = v
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RULES: BASIC AXIOMS

Γ`PRA t = t Γ`PRA ξ1(t) = 00

1 ≤ m ≤ n
Γ`PRA κn

m(t1, . . . , tn) = tm

u = v ∈ Γ
Γ`PRA u = v
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RULES: COMPOSITION AND RECURSION SCHEME

Γ`PRA (comp f m gn
1 . . . g

n
m)(t1, . . . , tn)

= f m(gn
1(t1, . . . , tn), . . . , gn

m(t1, . . . , tn))

Γ`PRA (rec f n gn+2)(00, t1, . . . , tn) = f n(t1, . . . , tn)

Γ`PRA
(rec f n gn+2)(σ1(m), t1, . . . , tn) =
gn+2(m, (rec f n gn+2)(m, t1, . . . , tn), t1, . . . , tn)
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RULES: EQUALITY

Γ`PRA u = v
Γ`PRA v = u

Γ`PRA u = v Γ`PRA v = w
Γ`PRA u = w

Γ`PRA u1 = v1 ... Γ`PRA un = vn

Γ`PRA f n(u1, . . . ,un) = f n(v1, . . . , vn)
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RULES: INDUCTION SCHEME

Γ`PRA f n+1(00,u1, . . . ,un) = gn+1(00,u1, . . . ,un)
Γ, f n+1(x,u1, . . . ,un) = gn+1(x,u1, . . . ,un)`PRA

f n+1(σ1(x),u1, . . . ,un) = gn+1(σ1(x),u1, . . . ,un) x fresh

Γ`PRA f n+1(t,u1, . . . ,un) = gn+1(t,u1, . . . ,un)
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CODING WITHIN PRA

I A large collection of basic structures can be coded
I Booleans
I Tuples
I ...

I Easier to manipulate as primitive objects



INTRODUCTION A typed calculus of PRA Typing translation Untyping translation Conclusion

CODING WITHIN PRA

I We need a formalism which distinguishes object’s kinds
I And it is, guess what ? ....

Type theory
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CALCULUS OF INDUCTIVE CONSTRUCTIONS

I Distinguishes between object’s kinds

I Enables to define naturally simple and complex structures
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RESTRICTING CIC (PARCE QUE LE MONDE BOUGE)

Idea: restricting to objects of type

A0 → A1 → · · · → An

where Ai has no arrow.
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FORMAL DEFINITION

Types:
A,B ::= X u | 0 | 1 | A + B | (Σx:A.B)

| u =A v | (µXA→Type xA.B) u
C ::= A | Πx:A.C

Terms:
u, v,w ::= x | eqrefl A u | match u return A end

| () | match u as x return A with ()⇒ N end
| inl u | inr u | match u as x return A with
inl y⇒ v;inr z⇒ wend
| (u, v) | match u as y in z return P
with (i,w)x:A.T ⇒ vend | (fixk f x1 . . . xn := u) u1 . . . un

q ::= u | λxA.q
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FORMAL DEFINITION

Context:
Γ ::= ε | Γ, x : A | Γ,X : Type
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TYPING RULES: SUM TYPE

Sum-C
Γ ` A : Type Γ ` B : Type

Γ ` A + B : Type

Sum-L
Γ ` A + B : Type Γ ` t : A

Γ ` inl t : A + B

Sum-R
Γ ` A + B : Type Γ ` u : B

Γ ` inr u : A + B
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TYPING RULES: SUM TYPE

Sum-E

Γ ` u : A + B Γ, y : A ` v : P[x\inl y]
Γ, x : A + B ` P : Type Γ, z : A ` w : P[x\inr z]

Γ `
match u as x return P with
inl y⇒ v
inr z⇒ wend

: P[x\u]
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TYPING RULES: UNIT TYPE

Unit-T
Γ ` 1 : Type

Unit-O
Γ ` () : 1

Unit-E
Γ ` u : 1 Γ, x : 1 ` P : Type Γ ` v : P[x\()]

Γ ` match u as x return P with ()⇒ vend : P[x\u]
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TYPING RULES: EMPTY TYPE & INDUCTIVE TYPE

Empty-T
Γ ` 0 : Type

Empty-E
Γ ` u : 0 Γ ` A : Type

Γ ` match u return A end : A

Ind-T
Γ ` u : A Γ,X : A→ Type, x : A ` F : Type

Γ ` (µXA→Type xA.F) u : Type
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TYPING RULES: EQUALITY

Eq-R Γ ` u : A
Γ ` eqrefl A u : u = u

Eq-E

Γ ` u : A Γ, z : A ` P : Type
Γ ` v : A Γ ` w : P[z\u] Γ ` p : u = v

Γ ` match p in = z return P with
eqrefl ⇒ wend : P[z\v]
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TYPING RULES: PROPER INDICES

Pair-T
Γ ` A : Type Γ, x : A ` T : Type

Γ ` (Σx:AT) : Type

Pair-C
Γ ` Σx:AT : Type Γ ` u : A Γ ` v : T[x\u]

Γ ` (u, v)x:A.T : Σx:AT

Pair-E

Γ ` Σx:AT Γ, y : Σx:AT ` P : Type
Γ, i : A,w : T[x\i] ` v : P[y\(i,w)x:A.T]

Γ ` match u as y return P with
(i,w)x:A.T ⇒ v : P[y\u]
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TYPING TRANSLATION

I There exists a natural embedding of natural integers into

Nat = µX.1 + X

I PRA rules are simulated by typing rules
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TYPING TRANSLATION : FUNCTIONS

J00K() = inl ()
Jσ1K(t) = inr t
Jξ1K(t) = inl ()
Jκn

mK(t1, . . . , tn) = tm

where t is a term of TT-PRA.
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TYPING TRANSLATION : FUNCTIONS

Jcomp f m gn
1 . . . g

n
mK(t1, . . . , tn) =

Jf K(Jgn
1K(t1, . . . , tn) . . . Jgn

mK(t1, . . . , tn))

Jrec f n gn+2K(u, t1, . . . , tn) =
(fix1 h x y1 . . . yn :=
match x as return Nat with
inl ⇒ Jf nK(y1, . . . , yn)
inr z⇒ Jgn+2K(z, (h z y1 . . . yn), y1, . . . , yn)) u t1 . . . tn
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TYPING TRANSLATION : TERMS

JxK = x
Jf n (v1, . . . , vn)K = Jf nK(Jv1K . . . JvnK)
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SOUNDNESS AND COMPLETENESS

Theorem

u1 = v1, . . . ,un = vn `PRA u = v

is a valid PRA judgement iff for some proof term p,

x1 : Ju1K =Nat Jv1K, . . . , xn : JunK =Nat JvnK`TT p : JuK =Nat JvK

is a valid judgement.
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UNTYPING TRANSLATION

I Inhabitants of types in TT-PRA can be mapped to natural
integers

I A type is transformed into its characteristic function

I A judgement `TT p : A becomes `PRA JAK JpK = 0
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SOUNDNESS

Theorem
If

x1 : A1 . . . , xn : An `TT p : A

is a valid TT-PRA judgement, then

JA1K x1 = 0, . . . , JAnK xn = 0`PRA JAK JpK = 0

is a valid PRA judgement.
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UNTYPING TRANSLATION : TERMS

Jmatch u return A endK = < 0 >

J()K = < 1 >
Jmatch u as x return P

with ()⇒ vendK = JvK
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UNTYPING TRANSLATION : TERMS

Jinl uK =< 2, JuK > Jinr vK =< 3, JvK >

Jmatch u as x return P with
inl y⇒ v;inr y⇒ PendK =

(λz.(1 .− ((π1 z) == 2) · JvK[y\(π2 z)]
+(1 .− ((π1 z) == 3) · JPK[y\(π2 z)]) JuK
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UNTYPING TRANSLATION : TERMS

J(u, v)K =< 4, JuK, JvK >

Jmatch u as z in y return P
with (i,w)x:A.T ⇒ vendK =

(λz.JvK[i\(π2 z)][w\(π3 z)]) JuK

J eqrefl AK =< 5 >

Jmatch u as x in z return P
with eqrefl ⇒ vendK = JvK

JxK = x
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UNTYPING TRANSLATION : TYPES

JX uK = x JuK
J0K = λx.1
J1K = λx.(π1 x) == 1

JA + BK = λx.(((π1 x) == 2) + (JAK (π2 x)))
·(((π1 x) == 3) + (JBK (π2 x)))

J(Σx:A.B) uK = λy.((π1 y) == 4) + (JAK(π2 y))
+(JBK[x\(π2 y)] (π3 y))

Ju = vK = λx.((π1 x) == 5) + (JuK == JvK)
J(µXA→Type.B) uK = (fixA x JBK) JuK
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CONCLUSION

I There exists a “natural” restriction of CIC capturing PRA.
I Collection of primitive types
I Proof relevance

I Implementation in Coq ?

coq -pra MyPraProof.v
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QUESTIONS

Thank you for listening !
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