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SRT3 does not imply COH
under w-models

Ludovic Patey
Joint work with Benoit Monin
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REVERSE MATHEMATICS

Foundational program that seeks to determine
the optimal axioms of ordinary mathematics.

RCAGFA« T

in a very weak theory RCAq
capturing computable mathematics
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REVERSE MATHEMATICS

Mathematics are MnicA
computationally 4
very structured AIR
ACA
Almost every theorem is 4
empirically equivalent to one WKL
among five big subsystems. 1

RCA,
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REVERSE MATHEMATICS

Mathematics are MnicA
computationally 4
very structured AIR
ACA
Almost every theorem is x/ 4
empirically equivalent to one RT3 WKL
among five big subsystems. \ 1
RCAq

Except for Ramsey’s theory...
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RAMSEY’S THEOREM

[X]" is the set of unordered n-tuples of elements of X
A k-coloring of [X]"isamap f: [X]" — k

A set H C X is homogeneous for fif [f([H]")| = 1.

RTn Every k-coloring of [N]" admits
an infinite homogeneous set.
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PIGEONHOLE PRINCIPLE

RT1 Every k-partition of N admits
K an infinite part.

012 3 4 2

5 6 7 8 9 5 6 9
10 11 12 13 14 |5 12

15 16 17 18 19 15 17 18
20 21 22 23 24 24
25 26 27 28 ... 26 27
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RAMSEY’S THEOREM FOR PAIRS

RTZ Every k-coloring of the infinite clique admits
an infinite monochromatic subclique.

o
N
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An infinite set C is R-cohesive for some sets Ro, Ry, ...
if for every i, either C C* R, or C C* R;.

COH : Every collection of sets has a cohesive set.

A coloring f : [w]? — 2 is stable if lim, f(x, y) exists for every x.

SRTS : Every stable coloring of pairs admits an infinite
homogeneous set.
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RCAo - RT3 <+ COH A SRT5

(Cholak, Jockusch and Slaman)

» Given f: [N]? — 2, define (Ry: x e N) by Ry = {y : f(x,y) =1}
» By COH, there is an R-cohesive set C = {<xi<...}
» f:[C]? — 2is stable

8/64



THE SETTING CONE AVOIDANCE PA AVOIDANCE JUMP CONE AVOIDANCE JUMP PA AVOIDANCE

0000000800000 000000000 00000000 000000000000000 000000000000000000
: :

RCA, - RT3 <> COH A SRT3

(Cholak, Jockusch and Slaman)

Thm (Hirschfeldt, Jockusch, Kjos-Hanssen, Lempp, and Slaman)

RCA, ¥ COH — SRT3

Thm (Chong, Slaman and Yang)

RCA, ¥ SRT3 — COH

Using a non-standard model containing only low sets.
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Thm (Monin and Patey)

RCA, ¥ SRT3 — COH on w-models
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RCA, ¥ SRT3 — COH on w-models

Jump cone avoidance Jump PA avoidance

RT? admits low, solutions —— SRT? does not imply COH

CJS trick: largeness Monin's trick: largeness
on product spaces

T Second jump control T
First jump control

Cone avoidance PA avoidance
Seetapun's theorem . Liu's theorem
CJS trick: overapproximations Liu's trick: valuations
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Reformulate the problem using
computability-theoretic

versions of the statements
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COH admits a universal instance:
the primitive recursive sets

A set is p-cohesive if it is cohesive for the p.r. sets

A set is p-cohesive iff its jump is PA over

For every computable sequence of sets R and every
p-cohesive set C, C computes an R-cohesive set.
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SRT3 can be seen as a AJ instance of
the pigeonhole principle

» Given a stable computable coloring f : [w]? — 2
» Let A= {x:lim,f(x,y)=1}

» Every infinite set H C A or H C A computes an infinite
f-homogeneous set.
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For every Ag set A, there is an infinite set H C Aor HC A
whose jump is not of PA degree over (.

The proof relativizes as follows

Fix a set Z whose jump is not of PA degree over )'. For every
AY(Z) set A, there is an infinite set H C A or H C A such that
(H®2Z)' is not of PA degree over (.
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LAYER 1: CONE AVOIDANCE

Cone avoidance
Seetapun's theorem

CIS trick: overapproximations
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STRONG CONE AVOIDANCE

A problem P admits strong cone avoidance if for every
non-computable set C and every P-instance X, there is a
solution Y to X suchthat C £7 Y.

RT admits strong cone avoidance
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Forcing question
c?o(Q)

where ¢ € P and ¢(G) is &9

Let ¢ € P and ¢(G) be a £ formula.
(@) If c?+¢(G), then d I ¢(G) for some d < c;
(b) If ¢?¥ (@), then d IF —p(G) for some d < c.
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Suppose ¢ 7 ¢(G) is uniformly £ whenever ¢(G) is 9

For every non-computable set C and Turing functional ¢, the
following set is dense in (P, <).

D={ceP:cl-o¢ +# C}

Given ¢ € P, define the £9 set W = {(x, v) : ¢ 7+ ®Z(x) |= v}

There is some x such that (x,1 — C(x)) € Wor (x, C(x)) ¢ W
otherwise we compute C.
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PIGEONHOLE FORCING

Fo, F1, X
/

I\

Initial segment Reservoir

» F;is finite, X is infinite, max F; < min X (Mathias condition)
» X € M= WKL (Weakness property)
» [ CA (Combinatorics)
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FORCING RELATION

(Fo, F1, X) IFi o(Gj)
/ N

Condition Formula

Z? (Fo, F~|,X) H—,' (HX)(p(G,',X) if (HW € w)(,D(F,', W)
N9 (Fo, F1, X) I (YX)@(Gr, X)) if (VE € X)(YW)p(F; U E, w)
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FORCING QUESTION

(Fo, F1, X) 7= 90(Go) V v1(G1)

Let ¢ € P and ¢o(G), ¢1(G) be a £9 formulas.
(@) If c?-po(Go) V ¢1(Gr), then d Ik vi(G))
(b) If ¢ % po(Go) V ¢1(Gr), then d Ik —pi(G))

forsomed < candi < 2.
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CJS TRICK: OVER-APPROXIMATIONS

(F07F17X) ?l_SOO(GO) \% 901(61)

is the ¥ formula

(VBo U By = X)(3i < 2)(3E C B))pi(F UE)
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CJS TRICK: OVER-APPROXIMATIONS

» Case 1: (Fo, F1, X) 7= 0(Go) V ¢1(G1)
Letting B; = A;, there is an extension d < ¢ such that

dIF% 1(Gy) or dIF' vi(Gy)

» Case 2: (Fo, F1, X) % ¢0(Go) V ¢1(G1)
The class C of all By LI B; = N such that
(Vi < 2)(VE; C XN B)®L 5 (x) #n
is a non-empty I'I?’X class. Pick By U By € CN M.
(Fo, F1, X N B;) IFi ~i(Gi)
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LAYER 2: PA AVOIDANCE

PA avoidance
Liu's theorem

Liu's trick: valuations
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STRONG PA AVOIDANCE

A problem P admits strong PA avoidance if for every
P-instance X, there is a solution Y to X of non-PA degree.

RT admits strong PA avoidance
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Forcing question
c?o(G)

where ¢ € P and ¢(G) is £9

Let ¢ € P and ¢(G) and ¢(G) be a £9 formulas. If ¢ % ¢(G)
and ¢ % ¢(G), then d IF —¢(G) A —¢(G) for some d < c.
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Suppose ¢ 7 ¢(G) is uniformly 9 whenever ¢(G) is 9

For every Turing functional ®., the following set is dense in
(P, <).

D={ceP:cl ®%is nota DNC, function }

Given ¢ € P, define the X9 set W = {(x, v) : ¢ 7+ ®Z(x) |= v}

There is some x such that (x, ®x(x) |) € W or
(x,0),(x,1) ¢ W otherwise we compute a DNC, function.
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PIGEONHOLE FORCING

Fo, F1, X
/

I\

Initial segment Reservoir

» F;is finite, X is infinite, max F; < min X (Mathias condition)
» X ¢ M = RWKL (Weakness property)
» [ CA (Combinatorics)
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FORCING QUESTION

(Fo, F1, X) M= ¢0(Go) V ©1(G1)

Let ¢ € P and ¢o(G), ¢1(G), ¢o(G), v1(G) be a £¢ formulas.
If ¢ 7% ¢o(Go) V 1(Gi) and ¢ % 1o(Go) V ¥1(Gy), then

d Ik —pi(Gi) and d IH —;(G))

forsomed <candi,j < 2.

Bad case: i #
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LIU’'S TRICK: VALUATIONS

A valuation is a finite function p Cw — 2
A valuation is correct if p(x) = ®x(x) | for every x € dom(p)

Two valuations p and q are incompatible if p(x) # g(x) for
some x € dom(p) Ndom(q)

Let W be a c.e. set of valuations. Either W contains a correct
valuation, or for every k € w, there are k pairwise incompatible
valuations outside W.
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LIU’'S TRICK: VALUATIONS

Consider the Z?’X set of valuations

W = {p: ¢ 7 p incompatible with either CDSOO or ¢£j‘}

Assuming X is not of PA degree, either there is a correct
valuation p € W, or three pairwise incorrect valuations
Po, P1, P2 g w.

In the latter case, there is an extension d < ¢ and some

io, i1, b < 2 such that d IF's ps compatible with <I>gf for each
s < 3.
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LAYER 3: JUMP CONE AVOIDANCE

Jump cone avoidance
RT? admits low, solutions

CJS trick: largeness
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STRONG JUMP CONE AVOIDANCE

A problem P admits strong jump cone avoidance if
for every non-AJ set C and every P-instance X,
there is a solution Y to X such that C is not AS(Y).

RT admits strong jump cone avoidance
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Forcing question
c?o(Q)

where ¢ € P and ¢(G) is £3

Let ¢ € P and ¢(G) be a £3 formula.
(@) If c?+¢(G), then d I ¢(G) for some d < c;
(b) If ¢?¥ (@), then d IF —p(G) for some d < c.
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Suppose ¢ 7 ¢(G) is uniformly £ whenever ¢(G) is £3

For every non-AJ set C and Turing functional @, the following
set is dense in (P, <).

D={ceP:cl o +£C}

Given ¢ € P, define the £ set W = {(x,v) : ¢?- & (x) |= v}

There is some x such that (x,1 — C(x)) € Wor (x, C(x)) ¢ W
otherwise we ()’-compute C.
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PIGEONHOLE FORCING

Fo, F1, X
/

I\

Initial segment Reservoir

» F;is finite, X is infinite, max F; < min X (Mathias condition)
» X € M= WKL (Weakness property)
» [ CA (Combinatorics)
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FORCING 3 STATEMENTS

Fix a A formula ¢(G, x, y) and a condition c.

c Ik (VX)(3y)v(G, x, y)

(vx)(vd < c)(Je < d)el- (Iy)¢(G, x,y)
The quantifier V(Eg, E1, Y) < (Fo, F1, X) is N3(M)
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CJS TRICK: LARGENESS

» Case 1: (Fo, F1, X) 7= 0(Go) V ¢1(G1)
Letting B; = A;, there is an extension d < ¢ such that

dIF% 1(Gy) or dIF' vi(Gy)

» Case 2: (Fo, F1, X) % ¢0(Go) V ¢1(G1)
The class C of all By LI B; = N such that
(Vi < 2)(VE; C XN B)®L 5 (x) #n
is a non-empty I'I?’X class. Pick By U By € CN M.
(Fo, F1, X N B;) IFi ~i(Gi)
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CJS TRICK: LARGENESS

The only operations on the reservoirs
are partitionning and trimming.

Aclass £ C 2¥ is large if it satisfies the following properties:
(1) Forevery Xe Land Y2 X, Y e L

(2) For every k € w and every Xo U ---U Xk_1 = w, there is
some j < k such that X; € £
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Fix a countable coded Scott set M = {Xp, Xi,...}

Fix a sequence of upward-closed X9 classes U, Us, -~ C 2

Given C C w2, let

ug' = (| ug
(i,e)eC

If Z/lé‘/‘ is not large, then there is some XoU--- U Xk_1 = w in M
such that for every i < k, X; ¢ U
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JUuMP PA AVOIDANCE
0000000000000 00000

Given X Cw, let Lx ={Y : YN Xis infinite }.

FOaF‘IaXaC
A

(

Initial segment Reservoir

» F;is finite, max F; < min X
> UM is large, U C Lx

> X € M= WKL, Cis AY
> F CA

I\

Largeness

(Mathias condition

)

(Second jump control)
(Weakness property)
)

(Combinatorics
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FORCING 3 FORMULAS

Fix a A9 formula ®¢(G, x, y)

(FOa F17X7 C) ||_I (VX)(Ely)ﬁ(be(Gi?X?y)

(Vx)(VE C XN A)0,((e, FUE,x)) e C

where U0 ¢ = {Y : (F,Y)IF (Vy)®e(G, X, y)}
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FORCING 3 FORMULAS

Suppose
(F07 F17Xa C) ”_I (\V/X)(Ely)_'q)e(G,’,X,y)
Then ‘
(Vx)(VE C XN A)N(0,¢(e, FFUE,x)) e C
Fix some
(Eo, E1,Y,D) < (Fo, F1,X,C)
For every x,

UN' U C{Z:(E.2Z) I (Vy)de(G. x. ¥)}

So
(Eia Z) U’Z (vy)d)e(Gaxvy)
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VALIDITY

A condition (Fy, Fy, X, C) is i-valid if X N A € L{é/‘.

Every condition is either 0-valid or 1-valid

If (Fo, F1, X, C) is i-valid and (F;, X) If* (Vy)®e(G, y) then there
is an extension (Eg, E1, Y, C) with (E;, Y) IF (Jy)—~Pe(G, y)
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FORCING QUESTION

(Fo, Fi, X, C) ?Hi(3x)(Vy)®e(G))

UL NyewecxnalZ - (FiUE,Z) I (Yy)®e(G, x, )} is not large

Let c € P, i < 2 and ¢(G) be a ¥3 formula.
(@) If c?=; p(Gj), then d IF; ¢(G;) for some d < c;
(b) If c?%; p(Gj), then d IF; —p(Gj) for some d < c.
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JUMP CONE AVOIDANCE: SUMMARY

Let F be a sufficiently generic filter for the pigeonhole forcing.

By the non-disjunctive zg forcing question, for every i < 2 and
every e € w, there is a condition ¢ € F such that c IF; cbg’ # C.

For every T3 formula ¢(G), whenever ¢ I; ¢(G)), then ¢(G;)
holds.

There is some i < 2 such that every condition in F is i-valid.

Therefore, there is some i < 2 such that for every ng formula
©(@G), whenever c IF; p(G;), then ¢(G;) actually holds.
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LAYER 4: JUMP PA AVOIDANCE

Jump PA avoidance

SRT? does not imply COH

Monin's trick: largeness
on product spaces
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JUMP PA AVOIDANCE

A problem P admits jump PA avoidance if for every
computable P-instance X, there is a solution Y to X
whose jump is of non-PA degree over (.

SRT3 admits jump PA avoidance
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Forcing question
c?o(G)

where ¢ € P and ¢(G) is £3

Let ¢ € P and ¢(G) and ¢(G) be a £3 formulas. If ¢ % ¢(G)
and ¢ % ¢(G), then d IF —¢(G) A —¢(G) for some d < c.
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Suppose ¢ 7 ¢(G) is uniformly £ whenever ¢(G) is £3

For every Turing functional @, the following set is dense in
(P, <).

D={ceP:cl ®Z isnota DNC) function }

Given ¢ € P, define the £ set W = {(x,v) : ¢?- & (x) |= v}

There is some x such that (x, ®x(x) |) € W or
(x,0),(x,1) ¢ W otherwise we §/-compute a DNC} function.
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JUMP PA AVOIDANCE
0000@0000000000000

Fi),f:1,)Kg C?
7

(

Initial segment Reservoir

» F;is finite, max F; < min X
> UM is large, UM C Lx

> X € M= WKL, Cis AY
> F CA;

I\

Largeness

(Mathias condition)
(Second jump control)
(Weakness property)
)

(Combinatorics

51/64



THE SETTING CONE AVOIDANCE PA AVOIDANCE JUMP CONE AVOIDANCE JUMP PA AVOIDANCE

0000000000000 000000000 00000000 0000000000000 00 0O0000®000000000000
:

FORCING QUESTION

(Fo, Fi, X, C) 7Hi(3x)(Vy)®e(G)

U Nyew ecxnniZ : (FiUE,Z) I (Vy)®e(G, x, y)} is not large

Suppose ¢ 7% ¢(Gj) and ¢ 7% ¢¥(Gj)
Then there are two sets Dy, Dy C w? such that

(Fo, F1, X, Do) I —p(Gj) and (Fo, F1, X, Dy) IF —¢(G;)
But U5 N Up" may not be large!
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MONIN’S TRICK: LARGENESS IN PRODUCT SPACES

Suppose ¢ 7% ¢(Gj) and ¢ 7% ¢¥(G;)
Then there are two sets Dy, Dy C w? such that
(Fo, F1, X, Do) I —p(Gj) and (Fo, F1, X, Dy) IF —¢(G;)
Define a new kind of condition
(Fo, F1, Yo, Y1, E)
where Yy C X, Y7 C X and Up! C ugg xué‘f

Think of it as (Fo, F1, Yo U Y1) where Yy and Yy must be
dependently large
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LARGENESS IN PRODUCT SPACES

Aclass £ C 2¥ x --- x 2¥ is large if it satisfies the following
properties:

(1) Forevery (Xj:i<k)e Land Y;2 X, (Yi:i<k)e L
(2) Forevery ¢ € wandevery XoU---UX,_1 = w, there is some
Jos- - Jk—1 < £suchthat (X : i< k)eL
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(Fo, Fi, Xo, ..., Xk_1, C)
\ ( /

Initial segment Reservoirs Largeness
» Fjis finite, max F; < min(Xo, ..., Xx_1) (Mathias condition)
> Z/Ié‘/l is large, L[é\/‘ C Ly, X - xLx_, (Second jump control)
» Xp,..., X1 € MEWKL, Cis Ag (Weakness property)
» F; CA (Combinatorics)
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PARTIAL ORDER

(Eo, E1, Yo, ..., Yok—1, D) < (Fo, F1, Xo, ..., Xk—1, C)

> Yisij C Xjforeverys<nandj<k
> FiCEand Ej\ Fi C Xo U+ U Xy_1

» forevery (Zysij: S < n,j<k)eUp' and s < n,
(Zksyj ] < k) € ué/l
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VALIDITY

A condition (Fo, F1, Xo, - .., Xk_1, C) is i-valid if,

(XinAj< k) eup!

Some conditions are neither 0-valid nor 1-valid!

By largeness, there are some iy, . .., ix_1 < 2 such that

(XiNAI:j< k) e ud!
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LIU’'S TRICK: VALUATIONS

A valuation is a finite function p Cw — 2
A valuation is (V-correct if p(x) = ®%' (x) | for every x € dom(p)

Two valuations p and q are incompatible if p(x) # g(x) for
some x € dom(p) Ndom(q)

Let W be a I3 set of valuations. Either W contains a (-correct
valuation, or for every k € w, there are k pairwise incompatible
valuations outside W.
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LIU’'S TRICK: VALUATIONS

Fix a condition ¢ = (Fo, F1, X, C)

Consider the Z?’X set of valuations

W = {p: c?; p incompatible with d>eG’{}

Assuming X is low, either there is a (/'-correct valuation p € W,
or three pairwise incorrect valuations pg, p1,po & W.

In the latter case, there are three sets Dy, Dy, D> C w? such that
ugg, ugf and ué‘f are large, and for each s < 3.

(Fo, F1, X, Ds) I; ps compatible with d>f;
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PARALLEL CONDITIONS

Let
Uy = up! x upt x up!

and define
0= (FI*) F9 X X0, X0, D 1 < 5 <)
The condition d represents three parallel conditions
> a1 = (Y FIOY X0, X1, 70.1(D))
> a2 = (F%% F{%% X0, X, m02(D))
» o012 — (F"® FI% X Xo, 74 2(D))

One among d{%"}, d{02} and d{"2} is j-valid for some i < 2
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PARALLEL CONDITIONS

IR TN

0/1|\2 0/1|\2 /|\ 0/1|\2 0/1|\2
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FURTHER RESULTS

For every AS set A, there is an infinite set H C Aor HC A
whose jump is not of 2-random degree.

» Does every set A have an infinite set HC Aor HC A
whose jump is not of PA degree relative to ('?

» Does every AJ set A have an infinite set H C Aor HC A
whose jump is not of DNC degree relative to (' ?
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CONCLUSION

The computability-theoretic framework about
Ramsey’s theorem seems to be the good one.

There is hope to answer remaining questions
about Ramsey’s theorem using the standard
combinatorics.
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