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RAMSEY’S THEOREM

RT? Every k-coloring of [N]" admits

an infinite homogeneous set.
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Is there a natural principle P such that

RT3 < P < ACA;?

RT3 < RT3 A WKL < ACA,
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TREES

T ={01,01101,010111,0100,010111011,010111100}

Tree structure Terminology

01101 010111011
_— » 010111100 is a successor of
01 — 010111 010111in T

0100 010111100 » 01101 isaleafof T
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COMPARABLE NODES

T = {01,01101,010111,0100,010111011,010111100}

Tree structure Terminology

01101 010111011 » [T]" set of n-tuples of

_— comparable nodes in T.
01— 010111
~__ » {01,010111011} € [T}?
0100 010111100
» {01101,010111011} ¢ [T}?
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THE TREE THEOREM

TTTl Every k-coloring of [2=*]" admits
k a homogeneous set T = 2<%,

(Chubb, Hirst and McNicholl)

T = 2<¢: T is isomorphic to 2<%
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RCAy - TT! — RT!

(Chubb, Hirst and McNicholl)

Let f be a k-coloring of [w]" — k

(o1, ... 01) =f(lo1l, -, |okl)

8/26



TT! T T2

The strength of TT!
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RCAq - TT;

(Chubb, Hirst and McNicholl)

X
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159
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l

0
1520

(Cholak, Jockusch and Slaman)
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(Chubb, Hirst and McNicholl)

11/26



THE TREE THEOREM TT! TT™" TT2
!

159
N
TjT
BY) —RT!
J
129

(Corduan, Groszek and Mileti)
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Lemma (Corduan, Groszek and Mileti)

There is a computable function f : N — [2<%]? — 2 such that for
every n and every e < n, ®, is not a solution to f(n).
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0100 0101 0110 0111
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0100 0101 0110 0111 010000 010001 010010 010011

\/\011/\/\/

01000 01001

0 0100

(I)O (131
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The strength of TT"
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ACA'

ACA —RT"

RCA, (n>3)
(Jockusch and Simpson)
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ACA’ —RT
ACA —— RT"
RCA, (n > 3)

(Friedman, McAloon, and Simpson)
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RCAO (T’l > 3)

(Jockusch)

15/26



THE TREE THEOREM TT! TT™" TT2
!

ACA' ——RT
ACA —— RT"
RT?
RCA, (n > 3)

(Seetapun and Slaman)
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ACA’ =—=RT

b

ACA =—RT"=——=TT"

RT?

e

RCAo (n>3)

(Corduan, Groszek and McNicholl)
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ACA’ RT 1T

|

ACA —RT"——=TT"

RT?

e

RCAo (n>3)

(Anderson and Hirst)
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(Dzhafarov and P.)
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Cone avoidance of TT?
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f: [w]* = kstableon H C w f:[2<¥]2 — k stable on H C 2<%
(Vx € H)(3c < k)(V*°y € H) (Vo € H)(3c < k)(V>*°T € H)
flx,y)=c o<T—=flo,7)=c
y = f(0.) o+ f0.0)
0100
010 <i:i:
01234567891011--- 0101

0110
011 <:::::
0111

A A AL
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T L

Ramsey’s theorem for pairs
RCAq - RT3 «++ AJ(RT})ACRT3

AY(RT}): Every AJ instance
of RT} has a solution.

CRT3: Every instance of RT3
has an infinite stable set H.

The tree theorem for pairs
RCA - TT3 <> AY(TTHACTT;
AY(TT3): Every AJ instance

of TT} has a solution.

CTT3: Every instance of TT3
has an infinite stable set H.
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CONE AVOIDANCE OF CTT,

Aset T C 2<% is h-branching if every non-leaf o € T at level n
has exactly h(n) successors.

010111
010010
010
010011
0
01000
00
h(n) =2n
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CONE AVOIDANCE OF CTT,

ST

“SCTand (Vr€S)(VoeT)lo <17 —0€85]”

010111
010111
0 010 &— 010011 <<:]
010010
01000 010
010011
010111
0
01000
0&—owon0 <}
00
01000
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CONE AVOIDANCE OF CTT;

Let T be a finite (g + h)-branching set
whose leaves are blue or red. Then

there is a g-branching or there is an h-branching
S < T whose leaves are blue S < T whose leaves are red
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CONE AVOIDANCE OF CTT;

Choose h so that in any finite h-branching set T,
there is a valid 2-branching S </ T.

Is there a finite h-branching tree T such that
every 2-branching S <1 T contains a ¢-splitting?

If yes, then there is a valid If no, then there is an infinite
S < T which has a ®-splitting. 2-branching subtree with no
®-splitting. Work within it.
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STRONG CONE AVOIDANCE OF RT)

Fix a set A C w and an w-model M = WKL with (/ ¢ M.

» Case 1: AN X is X-hyperimmune for some infinite set
X € M. Then A has an infinite incomplete subset.

» Case 2: AN X is X-hyperimmune for no infinite set
X € M. Then A has an infinite incomplete subset.

(Hirschfeldt, Jockusch, Kjos-Hanssen, Lempp and Slaman)
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STRONG CONE AVOIDANCE OF TT}

Fix a set A C 2<% and an w-model M = WKL with (/ ¢ M.

» Case 1: AN X is densely X-hyperimmune for some set
X € M such that X = 2<“. Then A has an incomplete
subset H = 2<%,

» Case 2: AN X is densely X-hyperimmune for no set
X € M such that X = 2<“. Then A has an incomplete
subset H =~ 2<%,

(Dzhafarov and P.)
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SUMMARY
ACA’ RT TT
[ T
ACA RT" TT"
l
TT?
e
RT? TT!
|
BY) —=RT!
l
RCAo (n>3)
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